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The first fundamental and mixed problems of the theory of elasticity for a plane with a doubly symmetric two-cusp cut at the
boundary are solved. By changing the parameter this cut can be deformed, bringing the edges together or separating them. The
case of free edges and contact displacements in a small neighbourhood of the tip were investigated for a family of cuts of this
kind in [1-3]. The first fundamental problem of the theory of elasticity with non-zero boundary stresses is reduced to solving
two Hilbert problems for the exterior of the unit circle. A mixed problem when the normal stresses acting at the boundary of
the opening ensure specified displacements along a vertical axis. This mixed problem is reduced to a singular Hilbert integral
equation and after solving it is reduced to the first fundamental problem of the theory of elasticity solved earlier.

1. SCHEME FOR SOLVING THE FIRST FUNDAMENTAL PROBLEM OF
THE THEORY OF ELASTICITY

It is well known [4], that the first fundamental problem of the theory of elasticity for a simply connected region D
containing an infinitely distant point reduces to finding two functions that are analytic in D

F(z)=r+ziz+..., G(z)=r'+-:iz—+... (1)

where I" and I” are specified (Im I" = 0). The boundary condition has the form
F(2)+ F(2) +exp(=2iarg 2’ ()2 F () + G(2)} = T, (1) - iT, (1) (1.2)

where z = z(¢), t € [t), ] is the equation of the boundary oD of the region D, T,(t) and T(r) are the normal and
shear components of the external stress, and arg z’(¢) is the angle between the tangent to the contour and the positive
direction of the real axis.

We will change to the function z(), which conformally maps the region E” = {{ =& + in || { | > 1} into D with
corresponding z(s) =: . The problem then reduces to a boundary-value problem in the region E” with the following
boundary condition

(2Re@(Q) - cxp(2iarg[52' (QDUEN o = T, (1(8)) +iT, (1(8)) (13)
Here
')
2 (5)
W) = GGEE)), 2(1(8) = 2(¢™®), 8 € [-m, w]

b’

¢(§)=r+é—’2+..., ‘{'(C):I"+C—2+..., (eE (14)

X&) =20 +W(E), D)= F®)

The complex relation (1.3) can be written as two real relations

Re®(c®)= %u'(e"" I Re{C?2 Qx @) +%T,,(t(0)) (1.5)
=
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Im{G*2"2 QXY _ o =12 (I T, (1(8)) (16)

=it

If, after substituting { instead of { in the expression for ZE) we obtain a function g({) that is meromorphic in
E", the function

K(C)=§2Z'2(§)[q(é)%((8+‘l’(§)] » LeE” (1.7)
will also be meromorphic in E-, where
K(e®)= {52 Q@) (1.8)

=it

According to relation (1.6) the function K({) can be re-established from the boundary value of its imaginary
part. The expression for K({) will contain unknown constants, the number of which is determined by the number
and order of the poles of the function X({) [5, p. 270]. Further, ®({) can be recovered in accordance with (1.5)
from the boundary value of its real part. To determine the unknown constants we will use the equation ®{ec) =
T, the condition Res.®({) = 0, and the condition for ¥({) to be analytic in E~. Here T,(1(0)) and T (#(8)) are
assumed to satisfy the Holder condition.

2. SOLUTION OF THE PROBLEM
Consider the function

ib22 +1) N -1

. b>1, [eE" 1
wion Tien P7h e @1)

zZ(0) =

which, for varying b, maps the region £~ into the regions Dj, which are the exteriors of regions, symmetrical about
the axes of coordinates, with cusps at the pointsz;, = 2. As b — - we obtain a plane with a cut along the section
[-2, 2]. The edges of the cut diverge when 1 < b < = (the greatest distance between them is 86%(b* — 1)™), closing
up at the points +2 at zero angles.

The function K() from (1.7), by relations (1.6), (1.8) and the expansion (1.4), has the form

'yt ., ThH* L, — A4l = C—ib  1-ib

K)=A- c - +CC+CL0 +D +D + I +

© (1)2-1)zc (/;2—1)2C S+Ct C-ib T+l +ib

= C+il) | = 2 -0

E=>"—"+— [ R(t)cos® Tetg It 2.2
+ T am _j;t (T)cos” Tetg 5 2.2)

N=b2e2T 2 1p% 2™ 4112
ImA=0, R(1t)= - T, (1t
" ® 152 +11 A

The function ®({), recovered using condition (1.5), will contain the same unknown constants. However, two of
them (4 and Im C) can be eliminated by utilizing, as in [4, p. 440), the requirement that the function F(z) has
singularities of order less than unity at the cut tips. '

Hence

L+
C_eie

o+ y+id
*O =

do (2.3)

l 9
(] — | Q
+Do(Q)+ 2n_JnL(9)

where

o {21)“ ImT +(b% = D2 ReC+(1-b)(h+ 12 ReD+(h-1)2Re E]+

R
+%jR(t)costclg 22(11 (1+b*)™272

-n

Y =[—2b4 InT”+(b = 1)* ReC+(1-b?)[(b-1)* Re D+(1+b)2 Re E]+
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T
T+—

7!
+lj R(t)costetg—=2dr | (1+b2) 272
, 2

(24)
o )=B-3_ ib* ImI” 140t 1+b?4bt | @I’ -DPReC
O T2 T U+ )T+ 1-C%2  1+L%6% | (1422 (1+b5)(1-b5)
| 20460 (a-b9b? | b*Rel” «
=826 1+ | 20+6H0 + D -bY)

x| ~1-b% —ab* b —p% +

40+bH? 2067 b -1 | (1-b?)b?
1-¢%b? 1+¢%p* (1+b%)?

] C(ReD+ReE)+

» [IJ“(I -b )b -1 _(1-b*)1+b?) b*(1+b%)
bi

{ A+ +b%) (|+b“)(1-b2c2)'(1+b“)(1+b“§2)

R 1 _ 2 (Im D+Im E)bil, (2.5)
A+6H)20-%%)  Q+bH)b* -1)(1+¢2b%) 1+ 58

-bHYB* -1 a-sHu-bY  a+b¥

( _ b(bz—l)zx
1+622)1+6%)  (1+6)1-b20)  1+ib*C2

2

:| i(ReD-—ReE)} +

(
[ 1462+ b4 2 252

ImE-ImD)+
BB +1) | A+ 60065 (1-C2b2) (14 b5)B° —D(1+L26%) ]( mE-m

n . _
Q((-)):zl?j R(r){uﬂcz"’+1|2(1+b2)“c:g‘29~4(sim+sine)b2 cosBx

-K

; I
X{(1+52)* +(1+ b8 +2b% c0520) - b2 (1+h2)? 1}:1111 —b2*®124p2 1t += T, 00 (2.6)

To determine the constants a, B, v, 8, Re C, Re D, Im D, Re E and Im E, in addition to relations (2.4) we use
the conditions ®() = I, Res.®({) = 0, Resz,b‘l‘(C) = 0, which give the following equations

. bb® -1 Rel"b*(1+b> +46* +b° +b%) 1 =
E-1 . =T : —= | 0(8)d0
U = I D e G s+ T T 2 )BT S B D) 571 2©®
2 2 6 442 2 2
s By iss RECH 1) L=b)-20+b9%)  B20-bD)
A+ U+ -bY (+b°)?
4 2y 54 4 2 242
Jbtusb )((b -0, 2_1)(| Zh ) (+bh 4) (ReD +ReE)_
1+5h° b (1+b6%) 1+b

02,02 12 n
_ll) b ,—I) (lmD-:lmL _ _I_J )(9)('0{19
A+ +640% 1) r L
(b6 et + )] a+ip . y+i8 ) (ib) | = (b5 - 1)(b4+l) j 00 e @7
2612 | B b b*-nan (ib-e™)?

b - 1)(b“+1)I 0 40

20 -1 LB+h? b= GED: (b— ey

‘+(b —l)(b4+])[ atip | y+id (il )}

-1

where ®y(C) is given by (2.5). Hence, we have nine real linear equations connecting nine unknown constants. After
determining these constants, &(L) is established from (2.3), (2.4) and (2.6), and ¥(G) is found from (1.7) and (2.2).

3. THE MIXED PROBLEM

We will denote by f{z) and g(z) functions, analytic in D, with a pole at infinity such that f'(z) = F(z), g(z) =
G(2).
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Suppose T(f) = 0,z(¢) € aD. In addition, the vertical component of the boundary displacement is specified, namely
[m[kf(z)—zf‘—(?)—az_)]lqz’(,) =2u0(t), k>1 3.1

As above, we change to the region E™. The function ®({) = F(z({)) has the form (2.3), where 7,(#(8)) is an
unknown function and T,(¢(6)) = 0. Assuming that v(¢)(6)) has a Holder derivative with respect to 8 and
differentiating both sides of (3.1) with respect to 8, we obtain
Ao (1(9))

Im{ie®2’ (™) (k +1)D(e®) - T, (1(8)])) = 2p ——= B

Consequently, to determine 7,,(¢(0)) we have the Hilbert equation [5, p. 292]

z(k+l)J.

Re{e"’z'(e"’ )[(k DT, 1)+ 2522 1 7 (1(6))ctg 2 i do]} =2r(8) (32)

where

(@)= 2u LUOD l)Re{e"’z'( R [T 'P Yc‘_:’s +, (e "’)]}

2(€) is found from (2.1), and a, , v, 3 and ®(C) are found from (2.3) and (2.5).
We obtain the regularizing factor—a real-valued function, after multiplying both sides of Eq. (3.2) by which we
obtain the problem of establishing an analytic function from the boundary values of its real part [5, pp. 275, 292]

p(0) = exp{——j A('r)ctg dt}[(k—l) Re” g(e®) + (k +1)° Im? (p(e"’)]/

A0 =] DO

(k-DRe@(e™)
Re@(c®) = -(b% + )b [b%sin 48 +(3b* - 4b% +3)5in20]/ (b? - A
Im@(e®)=[b" cos40+ b2 (1 +52)? cos20+1+b2 = b* +b° + 53]/ A
A=(+b* +2b% c0520)>

Re-establishing the corresponding function, we obtain

. i % -9
2Nmn()+iL+s(O)+—7——— j x(c)cxg-—z—dc
2n
T, (1(8))=Re —X

. 33
2¢(e™)cosd (33)

C+c

G-

¢1(C)—pr{-—- [ Ae) de} 5(8) = r(8)- p(8)

Here N and L are arbitrary real constants.

The right-hand side of (3.3) depends linearly both on the constants N and L and, because of the function s(8),
on the constants a, B, v, 8, Re C, Re D, Im D, Re E and Im E. Substituting 7,(£(8)) from (3.3) into the right-hand
side of system (2.4), (2.7) instead of 2Q(6) and adding the complex equation

]t Tn ('(‘r))i’-l(ei‘r )L’itd’t =0

with T,(¢(1)) from (3 3), we obtain a linear system of 11 real equations with 11 unknowns. Solving it we obtain
®(E) and ¥(§), as in the previous problem.
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